We discuss the origin of the effectively free dynamics of the charge in the magnetic monopole field to apply it for finding the alternative treatment of the charge-monopole as a particle with spin, for tracing out the relation of the charge-monopole to the free relativistic anyon and for clarifying the nature of the non-standard nonlinear supersymmetry of the fermion-monopole system.
Introduction
In addition to the Galilei symmetry, the free nonrelativistic particle possesses the dynamical SL(2, R) symmetry [1] . The latter can be understood as a relic of reparametrization invariance which survives the formal Lagrangian gauge fixing procedure consisting in introduction of the condition v = 1 in the associated system L = r 2 2v + v 2 with einbien v [2] . Amazingly, this dynamical symmetry relates the mechanisms of supernova explosion and plasma implosion [3] , and the theoretical explanation of such an intriguing similarity finds its roots in the symmetry properties of the fluid dynamic equations [4] . Since the charge-monopole (CM) system is characterized by the same dynamical SL(2, R) symmetry [5] , this indicates on the free nature of the charge's motion in such a system. Following recent works [2, 6] , here we discuss the origin of the effectively free dynamics of the charge in the magnetic monopole field to apply it for finding the alternative treatment of the CM as a particle with spin, for tracing out the relation of the CM to the free relativistic anyon, and for clarifying the nature of the non-standard nonlinear supersymmetry of the fermion-monopole system. * E-mail: mplyushc@lauca.usach.cl
Free dynamics of the charge-monopole
A non-relativistic scalar particle of unit mass and electric charge e in the field of magnetic monopole of charge g is described by the Lagrangian
with a U(1) gauge potential A(r) given by the relations ∂ i A j − ∂ j A i = F ij = ǫ ijk B k , B i = g ri r 3 , r = √ r 2 . Equations of motion following from Lagrangian (1) result in the Lorentz force law, r = f , f = −νr −3 r×ṙ, ν = eg, which implies that instead of the orbital angular momentum vector L = r ×ṙ, the vector
is the conserved angular momentum of the system. Due to the relation Jn = −ν, the trajectory of the particle lies on the cone with the axis oriented along the vector J and the half-angle equal to cos γ = −νJ −1 . Since the force f is orthogonal to r and to the velocityṙ, it is perpendicular to the cone and, therefore, the particle performs a free motion on the cone. To observe this also at the level of Lagrangian, we introduce (local) spherical coordinates, n = n(ϑ, ϕ), with axis ϑ = 0 directed along J. Then the reduction of (1) to the level of the constant vector J results after transformation
where C = e(2π)
The second term being a total derivative is not important classically, whereas the Lagrangian L α describes a free motion of the particle on the cone given by the relations x = r cos ϕ, y = r sin ϕ, z = r √ α −2 − 1, r > 0, 0 ≤ ϕ < 2π, with 0 < α < 1. The total derivative in (3) is the reduced form of the CM interaction eAṙ having the nature of (0 + 1)-dimensional Chern-Simons (CS) term which gives rise to the Dirac quantization condition for the parameter ν. Being, up to the constant, the derivative of the topologically nontrivial angular variable, it corresponds to the 2D term describing the interaction of the charge e with a singular point vortex carrying the magnetic flux Φ [7] .
The conical metric ds
corresponds to the metric produced by the point mass [8] , and one can say that the classical motion of the charge in the field of magnetic monopole (reduced to the level J = const) is equivalent to the classical motion of a particle in a planar gravitational field of a point massive source carrying simultaneously the magnetic flux Φ.
With the appropriate choice of the origin of the system of coordinates, the motion of a 3D free particle (e = 0) can be characterized by the unit vector n and by the conserved orbital angular momentum L supplemented with the canonically conjugate scalars r and p r = r −1 pr, where p is a canonical momentum. Since Ln = 0, for a given L the particle's trajectory is in the plane orthogonal to the orbital angular momentum. So, one concludes that classically the topological nature of (0 + 1)-dimensional charge-monopole CS term is manifested in changing the global structure of the dynamics without distorting its local free (geodesic) character: the "plane dynamical geometry" of the free particle (e = 0) is changed for the free "cone dynamical geometry" of the charged particle.
CM as a reduced E(3) system
Like a 3D free particle, the CM system may be treated as a reduced E(3) system. To get such an interpretation, we pass over from the Hamiltonian variables r and P = p − eA to the set of variables n, J, r and P r = Pr · r −1 . They have the following Poisson brackets: {r, P r } = 1, {r, n} = {r, J} = {P r , n} = {P r , J} = 0, and
Poisson brackets for variables J i and n i correspond to the algebra of generators of the Euclidean group E(3) with J i being a set of generators of rotations and n i identified as generators of translations. The quantities n 2 and Jn lying in the center of e(3) algebra, {n 2 , n i } = {n 2 , J i } = {nJ, n i } = {nJ, J i } = 0, are fixed in the present case by the relations n 2 = 1, nJ = −ν. In terms of the introduced variables, the Hamiltonian of the system takes the form
Therefore, the CM system can be treated as the E(3) system reduced by the conditions n 2 = 1 and nJ = −ν fixing the Casimir elements, and supplemented by the independent canonically conjugate variables r and P r . It is the relation nJ = −ν that encodes the topological difference between the CM and the 3D free particle cases: for ν = 0, the space given by the spin vector J is homeomorphic to IR 3 −{0}, (J > |ν|), whereas for ν = 0 the corresponding space IR 3 is topologically trivial.
Spin nature of CS term
The integrand in action corresponding to the charge-monopole interaction term θ = eṙA(r)dt can be treated as a differential one-form θ = eA(r)dr defined by the relation
Since the right-hand side of Eq. (5) is the gauge-invariant curvature two-form, dθ = eF , F = 1 2 F ij dr i ∧ dr j , the gauge-non-invariant oneform θ has a sense of (0 + 1)-dimensional CS term. The two-form (5) can be represented equivalently as dθ = ν 2 ǫ ijk n i dn j ∧ dn k . With the (local) parametrization by spherical coordinates, n = n(ϑ, ϕ), one finds that up to the constant factor it gives the differential area of the two-sphere and via the Stokes theorem leads to the quantization of the CM coupling constant: 2ν = k, k ∈ Z Z [14] .
Defining the dependent variables s i = −νn i , the two-form dθ can be represented equivalently as
with s 2 = ν 2 . The two-form (6) is closed and nondegenerate, and, so, can be interpreted as a symplectic form corresponding to the symplectic potential θ. If we drop out the kinetic term in the CM action (that corresponds to taking the charge's zero mass limit, m → 0, [9] ), one gets the Poisson brackets {s i , s k } = ǫ ijk s k , which together with the relation s i s i = ν 2 define the classical spin system with fixed spin modulus. Geometric quantization applied to such a system (for the details see ref. [14] ) leads to the same Dirac quantization of the parameter ν, |ν| = j, j = 1/2, 1, 3/2, . . ., and results in (2j + 1)-dimensional representation of su(2) with classical relation s 2 = ν 2 changed for the quantum relation s 2 = j(j + 1). Introducing the complex variable z related to the spherical angles via the stereographic projection z = tan ϑ 2 e iϕ from the north pole, or via z = cot θ 2 e −iϕ for the projection from the south pole, the symplectic two-form is represented in both cases as
Geometrically, the obtained spin system is a Kähler manifold with Kähler potential K = 2iν ln(1 +zz):
Locally, in spherical coordinates the spin Lagrangian is given by L s = ν cos ϑφ, and in terms of global complex variable it takes the form
The appearance of the two stereographic projections for the spin system reflects the necessity to work in two charts under treating the CM system to escape the problems with Dirac string singularities. In terms of globally defined independent variables z,z no gauge invariance left in the spin system given by Lagrangian (8) but it is hidden in a fibre bundle structure reflected, in particular, in the presence of two charts. Note also that since (8) is a first order Lagrangian and the corresponding Hamiltonian is equal to zero, the CS action S = θ describes the free spin system.
CM as a particle with spin
The spin nature of the charge-monopole CS term and free character of the charge's dynamics allow us to get the alternative description for the CM system as a free particle of fixed spin with translational and spin degrees of freedom interacting via the helicity constraint and the spinorbit coupling term. The corresponding equivalent form of the Lagrangian is
where s = −νn(z,z), L s is given by Eq. (8), λ is a Lagrange multiplier, and the coordinate vector r and translation invariant variables z,z should be treated as independent variables of the configuration space. To see that the Lagrangian (9) describes the system equivalent to the initial CM system, first we note that the variation in λ results in appearance of the helicity constraint χ ≡ sr + νr ≈ 0, whereas the term L s generates the necessary Poisson brackets {s i , s j } = ǫ ijk s k for the spin variables s i = s i (z,z). The Hamiltonian corresponding to the Lagrangian (9) is
where
and it is the presence of the second Ls-coupling term in Lagrangian (9) in addition to the first kinetic term that guarantees the conservation of the helicty constraint. The system (9) is described by 6 + 2 phase space variables and by one first class constraint. Therefore, there are only 6 physical degrees of freedom. Due to the relations {r i , χ} = 0, {Π i , χ} ≈ 0, the variables r i and Π i give such a set of physical degrees of freedom. The Hamiltonian of the initial CM system has a form H = 1 2 P 2 , and the nontrivial Poisson brackets for the initial system are {r i , P j } = δ ij , {P i , P j } = νr −3 ǫ ijk r k . Taking into account that for the system (9) the Poisson brackets of the gauge-invariant (physical) variables are {Π i , Π j } = − rs r 4 ǫ ijk r k ≈ νr −3 ǫ ijk r k and {Π i , r j } = δ ij , one concludes that the variables Π i are the analogs of P i =ṙ i , and, as a result, the dynamics generated by the Hamiltonian (10) for the gauge-invariant variables is exactly the same as the dynamics of the initial CM system. Therefore, we conclude that the CM system can alternatively be interpreted as a free particle of fixed spin defined by the value of the CM coupling constant ν with translational and spin degrees of freedom interacting via the helicity constraint and the Ls-coupling term.
CM and (2+1)D anyon
The observed effectively free nature of the CM dynamics allows ones also to trace out the origin and details of the known formal relation of the CM system to the (2+1)-dimensional free relativistic anyon [10] [11] [12] [13] .
In (2+1)-dimensions, spin is a (pseudo)scalar and, as a consequence, the anyon of fixed spin has the same number of degrees of freedom as a spinless free massive particle [11, 13, 14] . The relationship between the CM and anyon can be understood better within the framework of the canonical description of these two systems. As we have seen, the CM system essentially is a reduced E(3) system. In the case of anyon, the E(3) group is changed for the Poincaré group ISO(2,1). The translation generators of the corresponding groups are n i and p µ , the latter being the energymomentum vector of the anyon, and the corresponding Casimir central elements are fixed by the relations n 2 = 1 and p 2 + m 2 ≈ 0, where m is a mass of the anyon. The rotation (Lorentz) generators are given by J and by
where J µ are the translation invariant so(2, 1) ∼ sl(2, R) generators satisfying the algebra
and subject to the relation J µ J µ = −γ 2 = const. Representation (11) for the anyon total angular momentum vector is, obviously, the analog of the relation J = L + s appearing under interpretation of the CM system as a particle with spin. In the CM system, the second Casimir element of E(3) is fixed either strongly, Jn = −ν, or in the form of the weak relation Jn + ν ≈ 0 being equivalent to the helicity constraint under treating the CM as the particle with spin. In the anyon model, spin also can be fixed either strongly, J p = Jp = −γm, or in the form of the weak (constraint) relation χ a ≡ Jp + γm ≈ 0 [13] . When the helicity is fixed strongly, for the CM system the symplectic form has a nontrivial contribution describing noncommuting quantities P i being the components of the charge's velocity:
In the anyon case, the strong spin fixing gives rise to the nontrivial Poisson structure for the particle's coordinate's [13] ,
On the other hand, when we treat the CM system as a particle with spin (helicity is fixed weakly), one can work in terms of the canonical symplectic structure for the charge's coordinates and momenta, ω = dp i ∧ dr i + ω s , but the canonical momenta p are not physical observables due to their non-commutativity with the helicity constraint, whereas the gauge-invariant extension of p i given by the variables Π i plays the role of the non-commuting quantities P i . Exactly the same picture takes place in the case of anyon when its spin is fixed weakly: the coordinates x µ commute in this case, {x µ , x ν } = 0, but they have nontrivial Poisson brackets with the spin constraint χ a , whereas their gauge-invariant extension,
, are non-commuting and reproduce the Poisson bracket relation (13) [13] . Like in the anyon case, the advantage of the extended formulation for the CM system (when we treat it as a particle with spin) is in the existence of canonical charge's coordinates r i and momenta p i . Within the initial minimal formulation (given in terms of r i and gauge-invariant variables P i ), the canonical momenta p i are reconstructed from P i only locally, p i = P i + eA i , due to the global Dirac string singularities hidden in the monopole vector potential. Having in mind the gauge invariant nature and non-commutativity of P i or their analogs Π i from the extended formulation, we conclude that they, like anyon coordinates X µ , are the chargemonopole's analogs of the Foldy-Wouthuysen coordinates of the Dirac particle [13, 15] .
Fermion-monopole supersymmetry
Now we apply the discussed effectively free dynamics of the CM for clarifying the nature of the non-standard supersymmetry of the fermionmonopole. As it was observed for the first time in ref. [16] , in addition to the standard N = 1/2 supersymmetry [17] , the fermion-monopole system has the hidden supersymmetry of the nonstandard form characterized by the supercharge anticommuting for the nonlinear operator equal to the square of the total angular momentum operator shifted for the constant. The nonlinear supersymmetry of the similar form was also revealed in the 3D P, T -invariant systems of relativistic fermions [18] and Chern-Simons fields [19] as well as in the pure parabosonic systems and Calogerolike systems with exchange interaction [20] . The relation of the nonlinear supersymmetry to the quasi-exactly solvable systems via the quantum anomaly was investigated recently in ref. [21] .
To clarify the origin of such a supersymmetry and its structure, let us consider following ref. [6] a 3D free spin-1/2 nonrelativistic particle given by the classical Lagrangian
The corresponding Hamiltonian is H = 
The supercharge Q 1 is a "square root from the Hamiltonian", {Q 1 , Q 1 } = −2iH. It has zero bracket with the supercharge Q 3 , {Q 1 , Q 3 } = 0, but Q 1 and Q 3 have nontrivial brackets with Q ′ 2 . One can find the linear combination of the odd scalar integrals Q ′ 2 and iǫ ijk ψ i ψ j ψ k having zero brackets with other two supercharges,
Finally, we get the set of three scalar supercharges, {J i , Q a } = 0, a = 1, 2, 3, forming together with H and J the nonlinear superalgebra
, and J = L+S is the total angular momentum vector. The scalar supercharges satisfy also the algebraic relation
where B 1 = A 2 , B 2 = A 1 , B 3 = 1 andQ a means Q a with odd vector ψ changed for even S. Since
relations (18) reflect the analogous relations between the even vector integrals
Taking into account the equalities J 2 = 2H · ∆ and {∆, H} = {∆, Q a } = 0, where
, one can transform (at p 2 = 0, K 2 = 0) the set of scalar supercharges Q a into the set
with
. This set of (nonlinearly) transformed scalar supercharges gives rise to the N = 3/2 linear superalgebra of the standard form,
The quantum analogs of the odd variables are realized via the Pauli matrices,ψ i = σ i / √ 2, and the quantum spin vectorŜ is proportional ("parallel") toψ:Ŝ = σ/2 =ψ/ √ 2. Classically this property is reflected in the relation ψ × S = 0. To construct the quantum analogs of the supercharges Q a in the form of Hermitian operators, we choose the natural prescription
† ), and get
These operators are Hermitian and satisfy the quantum relationŝ
The symmetric part of relations (23) is the nonlinear N = 3/2 superalgebra being the exact quantum analog of classical relations (17) , whereas, with taking into account the above mentioned relation betweenŜ i andψ i , we find that the antisymmetric part of (23) corresponds to the classical relations (18) .
Due to the relationQ 3 = −i √ 2Q 1Q2 , it seems that one could interpretQ 1 andQ 2 as the "primary" supercharge operators andQ 3 as the "secondary" operator. But such an interpretation is not correct. Indeed, on the one hand, the relations (23) can be treated as a quantum generalization of the symmetric in indexes relations for the three Clifford algebra generators σ i = √ 2ψ i , σ i σ j = δ ij + iǫ ijk σ k , and we remember that the operatorsψ i are the quantum analogs of the set of the classical odd integrals of motion ψ i forming a 3D vector. On the other hand, the antisymmetric part of (23) is a reflection of the cyclic classical relations (18) . It is worth noting also that we can pass from the set of odd integrals (19) (constructed at p 2 = 0, K 2 = 0) to the integrals
Then, due to the relations {ξ a , ξ b } = −iδ ab , one can treat the transition from the integrals ψ i to the integrals ξ a as a simple canonical transformation for the odd sector of the phase space (note, however, that ξ a have nontrivial brackets with even variables). Formally, the same unitary in the odd sector transformations can be realized at the quantum level. So, it is natural to treat all the three supercharge operatorsQ a on the equal footing. Let us consider the fermion particle of charge e in arbitrary time-independent magnetic field B(r) = ∇ × A(r). At the Hamiltonian level this corresponds to the change of the canonical momentum vector p for the vector P = p − eA, {P i , P j } = eǫ ijk B k . By projecting the odd vector variable ψ onto P , we get the scalar Q 1 = P ψ. Identifying the bracket i 2 {Q 1 , Q 1 } as the Hamiltonian,
Q 1 is automatically the odd integral of motion (supercharge). However, now, unlike the case of a free particle, either even vectors P , L = r × P , P × L, S or odd vector ψ are not integrals of motion, whereas the odd scalar (ψ × ψ) · ψ is conserved. Having in mind the analogy with the free particle case, let us check other odd scalars for their possible conservation. First, it is worth noting that the quantum relationŜ =
is reflected classically also in the identical evolution, ψ = eψ × B,Ṡ = eS × B. Like the projection of the odd vector ψ, the projection of S on P is conserved, i.e. as in a free case,Q 1 = P S is the integral of motion, but generally
This corresponds exactly to the case of the monopole field, for which f (r) = gr −3 (r = 0, g = const) is fixed by the condition ∇B = 0, and from now on, we restrict the analysis by the fermion-monopole system. Though in this case the brackets {L i , L j } = ǫ ijk (L k + νn k ) are different from the corresponding brackets for the free particle, nevertheless the odd scalar Q ′ 2 = Lψ is the integral of motion. One can check that the direct analog of the free particle's supercharge (16) has zero bracket with Q 1 and that
Here J = J +S, J = L−νn, is the conserved an-gular momentum vector of the fermion-monopole system, whose components form su(2) algebra, {J i , J j } = ǫ ijk J k , and generate rotations. The scalar Q 3 = (P × L)ψ is also the integral of motion and in the fermion-monopole case the classical relations of the form (17), (18) take place with the change J 2 → J 2 − ν 2 and with the Hamiltonian given by Eq. (25). Like for the free particle, the superalgebra can be reduced to the standard linear form (20) via the nonlinear transformation (19) , for which in the present case we proceed from the relation
The quantityr
2 is the integral of motion which in the case of the scalar charged particle (ψ i = 0) in the field of monopole gives a minimal chargemonopole distance in the point of perihelion: r min = √r 2 [2] . Constructing the quantum analogs of the supercharges in the same way as in the free particle case, we get the supercharge operators of the form (22) withp changed forP . They satisfy the set of (anti-)commutation relations of the same form (23) withÂ 2 
, where ν, as in the case of the CM system, is subject to the Dirac quantization condition, 2ν ∈ Z Z.
The present analysis shows that the set of supercharge operatorsQ 1 andQ 2 found in ref. [16] has to be extended by the scalar integralQ 3 , and these three odd operators together with even operatorsĤ andĴ form the described nonlinear N = 3/2 superalgebra. As we have seen, this nonlinear supersymmetry of the fermion-monopole system has the nature of the free fermion particle's supersymmetry generated by the supercharges represented in a scalar form.
Comparing the fermion-monopole Hamiltonian (25) (with B = νr · r −3 ) with the free fermion particle Hamiltonian H = 1 2 p 2 , it seems that they have rather different structure, but this is not so, and their similarity can be revealed, like in the case of the CM system, by separating the even phase space coordinates into the radial and angular ones. In terms of such variables, the Hamiltonian of the fermion-monopole system is
with J = J + S. The case of the free fermion corresponds to ν = 0, and its Hamiltonian takes the similar form H =
It is interesting to look at the fermionmonopole supersymmetry from the point of view of the reduction of the system to the spherical geometry 2 . To this end we first note that the bracket of the supercharge Q 2 with itself can be represented in the form
and the supercharge Q 3 can be reduced to the equivalent form
The reduction of the fermion-monopole system to the spherical geometry can be realized by introducing into the system the classical relations
which have to be treated as the set of second class constraints with ρ = 0 being a constant, and for simplicity we fix it in the form ρ = 1. The relations (28) and (29) allow us to observe directly that the described N = 3/2 nonlinear fermionmonopole supersymmetry is transformed into the N = 1 supersymmetry of the standard linear form in the case of reduction (30). Indeed, after reducing the fermion-monopole system onto the surface of even second class constraints (30), we find that the structure of the supercharge Q 3 is trivialized and takes the form of the odd scalar ψn multiplied by 2H. Two other supercharges Q 1 and Q 2 after such a reduction take the form of linear combinations of the odd vector ψ projected on the vectors J + νn and J × n orthogonal to n. Then taking into account the odd second class constraint (30) results in eliminating the supercharge Q 3 and in reducing the bracket (and corresponding anticommutator at the quantum level) of the supercharge Q 2 to 2h, where h is the reduced Hamiltonian,
2 Some aspects of the CM system in a spherical geometry were discussed in refs. [22, 2] .
In other words, the supersymmetry of the fermion-monopole system in spherical geometry is reduced to the standard linear N = 1 supersymmetry characterized by two supercharges anticommuting for the Hamiltonian. More explicitly, after reduction to the surface of the second class constraints, the radial variables r and P r are eliminated from the theory. The even variables can be represented by the total angular momentum J and by the unit vector n having the nontrivial Dirac brackets coinciding with corresponding initial Poisson brackets, {J i , J j } * = ǫ ijk J k , {J i , n j } * = ǫ ijk n k . The odd variables ψ i satisfy the relation ψn = 0 which has to be treated as a strong equality, and their nontrivial Dirac brackets are {ψ i , ψ j } * = −i(δ ij − n i n j ), {J i , ψ j } * = ǫ ijk ψ k . The even and odd variables are subject also to the relation J n = −ν + iq 1 q 2 · (2h) −1 , where h is given by Eq. (31) and
are the supercharges Q 1 and Q 2 reduced to the surface (30). With the listed Dirac brackets, one can easily check that now the reduced supercharges q µ , µ = 1, 2, satisfy the superalgebra of the standard N = 1 supersymmetry: {q µ , q ν } * = −2iδ µν h, {q µ , h} = 0.
